We study the relation between the Jordan-Einstein frame transition and the possible description of the crossing of singularities in flat Friedmann Universes, using the fact that the regular evolution in one frame can correspond to crossing singularities in the other frame. We show that some interesting effects arise in simple models such as one with a massless scalar field or another wherein the potential is constant in the Einstein frame. The dynamics in these models and in their conformally coupled counterparts are described in detail, and a method for the continuation of such cosmological evolutions beyond the singularity is developed. We compare our approach with some other, recently developed, approaches to the problem of the crossing of singularities.
I. INTRODUCTION
Models with scalar fields have a special role in modern cosmology. On one hand, they possess a rather rich dynamics and their mathematical properties are very interesting. On the other hand, the inflationary cosmology [1] , describing a very early Universe, uses a scalar field, called inflaton as a matter source of cosmological evolution. Further, the recent discovery of cosmic acceleration [2] has stimulated the construction of models of dark energy [3] responsible for this phenomenon. The dark energy models also use many different kinds of scalar fields as a source of dark energy.
The simplest class of cosmological models, involving scalar fields, are those wherein the scalar field is minimally coupled to gravity. At the same time, more complicated models also became very popular, for example, the models with Born-Infeld type fields, often called tachyons [4, 5] , the k-essence fields [6] , etc. Perhaps, the most interesting class of models are the non-minimally coupled scalar fields, whose study descends from the paper by Jordan [7] . In these models the Lagrangian contains a term with the scalar curvature multiplied by a function of the scalar field (usually it is a quadratic polynomial).
The appearance of such a term is quite natural in the context of the so called induced gravity approach [8, 9] because quantum corrections to the effective action include such terms [10, 11] . Models with non-minimally coupled scalar fields were used in inflationary cosmology [12] and in quantum cosmology [13] and have become especially popular in connection with the so called Higgs inflation [14] .
It is well known that on combining conformal transformation of the metric with the reparametrization of the scalar field, one can rewrite the action of a model with a non-minimally coupled scalar field in a form where it becomes minimally coupled. Such a procedure is called the transformation from the Jordan frame to the Einstein frame. For the first time, this transformation was used in the seminal paper by Wagoner [15] .
Many papers discuss this topic, which sometimes is described as a study of the equivalence between the frames [16, 17] . In a way, one can say that mathematically the procedure of the transition between the frames is well defined and can be used in different contexts. For example, in a recent paper [18] a wide class of the exactly solvable flat Friedmann models with a minimally coupled scalar field was studied. In our preceding paper [19] we have shown that using these solutions one can construct the corresponding solutions in models with non-minimally coupled scalar fields of two types: the conformally coupled scalar fields in the presence of the Einstein-Hilbert term and the pure induced gravity models without the Einstein-Hilbert term. In these two cases the transformation of the scalar field is invertible, and all the formulae are explicit.
We wish to emphasize that the physical cosmological evolutions are those seen by an observer using the cosmic (synchronous) time, which is different in different frames. Thus, evolutions in the Einstein and Jordan frames, connected by a conformal transformation and by the reparametrization of the scalar field, can be qualitatively different. We have constructed an explicit example of such a difference [19] . More precisely, we have considered a de Sitter expansion in induced gravity with a scalar field squared self-interaction potential [20] and shown that its counterpart is the well-known particular power-law solution [21] in a minimally coupled model with an exponential potential. We think that while the general solutions for some non-minimally coupled models can be obtained from their minimally coupled counterparts, the study of their behavior is of interest because it can be physically different. The fact that the expansion in one frame can correspond to the contraction in another frame has also been noticed in the literature [22, 23] .
Generally, there are more known exact solutions for cosmological models with minimally coupled scalar fields than with non-minimally coupled ones, and one can think that such solutions are usually simpler. However, it is not always so. In a recent paper [24] a flat Friedmann model was considered, where a scalar field was conformally coupled to gravity and the potential included a positive cosmological constant and a negative quartic selfinteraction. Such a model has two interesting features: For a large class of initial conditions, the cosmological evolution possesses a bounce and is described in terms of elementary functions. If the initial conditions are chosen for this class, the cosmological evolution (the dependence of the Hubble parameter on cosmic time) does not depend on the evolution of the scalar field, which, in turn, can be described in terms of elliptic functions. In fact, in paper [24] a narrow class of initial conditions was considered, namely, initial conditions which guarantee an evolution of the scalar field such that the coefficient in front of the Ricci scalar in the action, and hence, an effective Newton constant does not change its sign and is positive.
In the following paper [23] , it was shown that using the transition to the Einstein frame one can convert the model of [24] into a model with a minimally coupled scalar field with a particular potential, including a fourth degree of the hyperbolical functions. It is interesting that this model, studied in great detail in a series of papers [25] - [31] , is exactly solvable, and both the cosmological evolution and the evolution of the scalar field are given in terms of elliptic functions. It is important to notice that in papers [25] - [31] the space of evolutions is complete and includes those which undergo a crossing of Big Bang -Big Crunch singularities and a transition between gravity and antigravity regimes.
The crossing of the so called soft cosmological singularities [32] was considered in the literature [33, 34] and does not appear too strange, while the crossing of Big Bang and Big Crunch singularities considered in papers [25] - [31] has provoked some interesting discussions [31, 35] . Let us note that the model in the Jordan frame has a bounce solution [24] , whereas the corresponding model in the Einstein frame can describe inflation [25] (see also [36] ). In our preceding paper [37] we continued the study of the relations between the integrability of the cosmological models in Jordan and Einstein frames, while giving a special emphasis to models where bounces are present. Here, continuing the line of research of papers [19, 37] and inspired by papers [23, 24] and [25] - [31] , we study the relation between the Jordan-Einstein frame transition and the possible description of the crossing of singularities. We use the fact that the regular evolution in one frame can correspond to crossing the singularities in another frame. We show that some interesting effects arise already in models simpler than the one considered in [23, 24] and [25] - [31] . We wish to emphasize that in the present paper we have considered the case of a flat Friedmann Universe, where the cosmological singularity is isotropic. In papers [27, 29, 31] , the authors have considered a more general and more complicated case of anisotropic singularities. We plan to examine the problem of anisotropic singularities in a future publication.
The structure of the paper is as follows: in Sect. II we recall formulae that connect models in the Einstein and Jordan frames; in the third section we consider the simplest models with a minimally coupled massless scalar field and a vanishing potential, and that with a constant potential. The fourth section is devoted to the model with the hyperbolic potential [25] - [31] and its conformally coupled counterpart [23, 24] . In the last Section we discuss some questions associated with the crossing of singularities in General Relativity and cosmology and compare our approach with the approach, developed in papers [25] - [31] , [38, 39] , and that presented in [40] - [44] .
II. RELATIONS BETWEEN MODELS WITH MINIMALLY COUPLED AND NON-MINIMALLY COUPLED SCALAR FIELDS
Let us consider a cosmological model with the following action
where U (σ) and V (σ) are differentiable functions of the scalar field σ.
In a spatially flat Friedman-Robertson-Walker spacetime with the interval
where a(τ ) is the scale factor and N (τ ) is the lapse func-tion, one obtains the following equations [19, 20, 45] :
where h ≡ȧ/a, a "dot" means a derivative with respect to time, and a "prime" means a derivative with respect to σ. If we fix the lapse function N = 1, then τ is the cosmic time t and h is the Hubble parameter H.
Let us make a conformal transformation of the metric
where U 1 is a constant. We also introduce a new scalar field φ such that
(7) The action (1) then becomes the action for a minimally coupled scalar field:
where
Let us emphasise that the formulae (6)-(9) are valid for any metric. In the Einstein frame the spatially flat Friedman-Robertson-Walker metric (2) becomes
where the new lapse function and the new scale factor are defined asÑ
The Friedmann equations and the Klein-Gordon equation in the Einstein frame are as follows:
whereh ≡ȧ/ã. There is a relation between the cosmic time in the Einstein framet and the cosmic time in the Jordan frame t:
Using the cosmic time in both frames, we get the correspondence between the Hubble parameter H in the Jordan frame and the Hubble parameterH in the Einstein frame. Using (11) , it is easy to show that
In what follows we choose
i.e., we consider the case when the coupling is conformal and a nonzero Einstein-Hilbert term U 0 is also present. Taking into account that
we get from (7)
and assume that U 0 > 0. Hence, φ is real for U 1 > 0 and is imaginary for U 1 < 0. In the models which we shall consider, the imaginary scalar field can be treated as a real scalar field with a phantom kinetic term. At U 1 > 0 and U c > 0, we get
and vice versa
When, −∞ < φ < ∞, from (21) follows that U c > 0. When |φ| → ∞, we usually have a singularity in the Einstein frame and the value of the field σ in the Jordan frame tends to its limiting value |σ| = √ 12U 0 , and hence,
However, from the point of view of the proper dynamics of the field σ in the Jordan frame, there is nothing that prevents it from crossing the value σ = ± √ 12U 0 . Indeed, we can represent the corresponding system of equations of motion as a dynamical system (see, for example, [46, 47] ), obtaininġ
It is easy to see that the point where U c = 0 is not a singular point of this system. As was already mentioned in the Introduction, we use that fact to describe the crossing of the singularities in the Einstein frame, corresponding to the change of the sign of U c in the Jordan frame. Conversely, we see that the singular behaviour of the Universe in the Jordan frame corresponds its regular behaviour in the Einstein frame. A detailed analysis of these facts by using relatively simple models represents the main content of the rest of the paper.
III. MODELS WITH A CONSTANT POTENTIAL
A. Basic equations
Let us consider a very simple and well-known cosmological model with a minimally coupled scalar field and a constant potential W = Λ. It is convenient to work with a cosmic time τ =t. Thus, we fix the lapse function as N = 1. Equations (12)- (14) take the following form:
Summing Eqs. (23) and (24), we obtaiṅ
This equation does not include the scalar field and is integrable. Therefore the system of equations (23)- (25) is integrable. Let us note that these equations for the case of 'antigravity' when U 1 < 0 are equivalent to the equations for U 1 > 0 with a phantom scalar fields and W = −Λ. The explicit form of the solutions depends on the sign of Λ (see, for example [48] ). The conformal transformation combined with the reparametrization of the scalar field, described in Section II, gives the model described by the action (1) with the following potential
The Friedmann and Klein-Gordon equations in the Jordan frame [Eqs. (3)- (5)] with N = 1 have the following form:
On using the explicit form of the potential V and (28), we transform the system (22) to a simpler form
From Eq. (31) we see that the scalar field σ behaves as a massless scalar field, i.e. its time derivative with respect to the corresponding cosmic time is inversely proportional to the cube of the cosmological factor:σ ∼ 1/a 3 . The field σ enters into the second Friedmann equation (32) , and this makes the explicit solution of the system of Eqs. (31) and (32) 
Thus, we get a system of two equations (31) and (33) that do not include the parameter Λ. This system has the following solution by quadratures:
where t 0 , C 1 , and C 2 are arbitrary constants. After integration we get
whereσ i are roots of the following cubic equation:
For arbitrary values of the integrable constants C 1 and C 2 , it is difficult to get σ(t). For this reason, we consider the Hubble parameter as a function of σ (see [49] ). Formula (34) can be rewritten in the following form:
Using (36), we get the corresponding Hubble parameter
On substituting (36) and (37) into Eq. (28), we find the following relation between the integration constants C 1 and C 2 and the cosmological constant Λ:
For some values of constants C 1 and C 2 , particular solutions can be found in an analytic form. The general solution that corresponds to Λ = 0 are presented in the next subsection. For a negative Λ, it is easy to get particular solutions in an analytic form. For example, at C 2 = 0, we get the following solutions:
where t 1 is an arbitrary constant and the nonzero parameter C 1 is connected with Λ by (38), thus Λ < 0. We see that at some finite moments of time t the function U c changes the sign on these solutions. The function U c (σ) = 0 at σ = ± √ 12U 0 . In the neighbourhood of these points, we get the following Taylor series of the general solutions:
where σ 0 = ± √ 12U 0 , and we assume that U c = 0 at t = 0.
We can also make a useful general observation from the study of Eq. (28) at the moment t = 0, when U c = 0 and σ = σ 0 . From (36) and (37) , it is easy to see thaṫ
From here, it follows that when the field σ and its time derivative have the same sign, the Hubble parameter is negative, and when they have the opposite signs, the Hubble parameter is positive. Obviously, when these quantities have the same sign the field σ leaves the region where U c > 0 and enters into the region, where U c < 0. We see that in the Einstein frame this situation corresponds to the Big Crunch singularity andH → −∞. To cross this singularity by using the correspondence between the Jordan and Einstein frames, we should make the transition from the gravity regime to the antigravity regime. If instead the field σ and its time derivativeσ have the opposite signs, which implies the positivity of the Hubble parameter, the field σ enters into the regime U c > 0, while its counterpart in the Einstein frame enters into the gravity regime from the antigravity regime on crossing the Big Bang singularity.
In the rest of this section we shall consider in some detail the cases of zero and of the negative cosmological constant. The case for positive Λ is technically quite analogous to the case of the negative one, but the variety of the cosmological evolutions is less rich. Thus, we do not dwell on this case.
B. Massless scalar field
At Λ = 0, the general solution of Eq. (26) is
We can assume that the integration constantt 1 = 0 without the loss of generality. The corresponding evolution of the scale factor isã
Solution (41) describes an expansion (0 <t < ∞) or a contraction (−∞ <t < 0) of the flat Friedmann Universe filled with stiff matter having the equation of state p = ρ, where p is the pressure and ρ is the energy density.
The expansion begins from an initial singularity -Big Bang, while the contraction ends with the final singularity -Big Crunch. These two evolutions are totally disconnected and do not depend on the details of the evolution of the scalar field.
Substituting the solution (41) into Eq. (25), we find
where φ 1 and φ 0 are constants. On substituting the solution (43) into Eq. (28) we find
We note that the constants φ 0 andã 0 = 0 are arbitrary. Let us consider the corresponding model in the Jordan frame. Equation (32) with Λ = 0 has the following general solution:
which describes the expansion or the contraction of a flat Friedmann Universe filled with radiation. Again its evolution does not depend on the details of the evolution of the scalar field. We can set an integration constant t 1 = 0 without loss of the generality. The scale factor behaves as follows:
and the scalar curvature R = 0. On substituting the expression (45) into Eq. (31) we obtain an equation
Its solution is
On substituting this solution into the Friedmann equation (28) with Λ = 0, we find that
We see that the function σ(t) has a singular point at t = 0, hence, it is more correct to write the solution (49) in the following form:
The only restrictions on the values of the constants arẽ σ 1 = 0, σ 1 = 0, and a 0 = 0. We show that it is possible to connectσ 1 with σ 1 using the corresponding solution in the Einstein frame.
To analyze the behavior of the solution we should consider different cases, depending on the sign choice for the constants σ 0 and σ 1 . The equations are invariant with respect to the change σ(t) to −σ(t). So, we can assume that σ 0 > 0 which means σ 0 = √ 12U 0 without loss of generality and consider separately positive and negative σ 1 . Solutions with σ 1 > 0 correspond to U c < 0 for any value of t, whereas solutions with σ 1 < 0 correspond to a U c that changes sign at t = σ 2 1 /(48U 0 ). Let us now analyse the relations between the evolutions in the minimally and non-minimally coupled models by using the correspondence formulas from the Section II. Firstly, we consider the case σ 1 > 0 and time running from 0 to ∞. The fact that in this case U c is always negative is not important from the point of view of the evolution of the Hubble parameter and of the scale factor in the Jordan frame. However, we would like to have both the scale factor and the lapse function real in the Einstein frame also. On looking at the correspondence formulae (11), we see that this requires U 1 < 0, i.e., in the Einstein frame, and instead of gravity we would have antigravity. Then, on substituting U 1 < 0 into Eq. (7) describing the transition between the scalar fields in the Jordan and Einstein frames, we see that the field φ becomes imaginary. This is equivalent to changing the sign of the kinetic term in the Lagrangian. In this model with zero potential the simultaneous substitution of gravity by antigravity and of the standard scalar field with the phantom scalar field leaves the Friedmann equations invariant.
It is convenient to introduce another notation for the phantom scalar field:
On inverting
On using (15), we explicitly get
and on inverting,
On using formulae (50) and (53), we find the dependence of the phantom field on the cosmic timet:
Let us now consider the cosmological expansion in the Jordan frame. At the instant t = 0, the value of the cosmological factor in the Einstein frame can be obtained by using the formulae (11) and (49) . We then havẽ
i.e., the scale factor in the Einstein frame is finite at the moment when in the Jordan frame we have the Big Bang singularity. One can see that the instant t = 0, when we encounter the Big Bang in the Jordan frame, corresponds to a timet =t 0 in the Einstein frame. After this time, the evolution of the scale factorã in the Einstein frame is given by
However, this expression is perfectly valid fort <t 0 also. The same is true also for the evolution of the phantom field (54) . On now using the continuity of the evolution in the Einstein frame, we can describe the crossing of the Big Bang singularity in the Jordan frame. First of all, using formula (51), we can find the relation between t andt at t ≤t 0 :
Naturally, the negative values of the cosmic time t correspond to the contraction of the Universe [see formula (45)]. On inverting,
On now using the formulae (59) and (51), we find that for t < 0, the scalar field σ behaves as
Thus, when −∞ < t < 0, we have a contraction of the Universe in the Jordan frame while the scalar field is given by (61) . In other words, we get thatσ 1 = −σ 1 . This means thatσ 1 < 0, hence, U c = 0 at some moment. It is easy to see that at the instant t = t 0 the scalar field σ = − √ 12U 0 . Hence, the function U becomes positive in the Jordan frame and we make a transition from antigravity to gravity in the Einstein frame. On the other hand, at the instant when t = t 0 , the cosmic time in the Einstein frame is equal to zero:t = 0, and the Universe encounters the Big Bang singularity. However, on using the fact that the evolution in the Jordan frame is regular, we can pass through this singularity to the region wheret < 0 [see formula (59) ]. Thus, on passing through the Big Bang singularity, the constant U 1 changes sign and the phantom field transforms into a standard scalar field φ connected with the field σ through the relations (20) and (21) . Finally, when t < t 0 and, correspondingly, t < 0, we have a contraction of the Universe in both frames.
Let us note that if instead of choosing σ 1 > 0, σ 0 = + √ 12U 0 we had chosen for both different signs, the qualitative picture of the evolutions in the Einstein and Jordan frames would not be changed. In any case, we have in both frames the contraction of the Universe until the Big Crunch singularity with the subsequent Big Bang, when the Universe begins its expansion. The point is that the instants of encounter with the singularity do not coincide in the two frames, and this gives us the opportunity of crossing the singularity in one frame using the smoothness of the evolution in the other frame. This crossing of the singularity corresponds to the singularity crossing described in the papers by Bars et al. for more complicated models by using a slightly different mechanisms for the changes of the parametrization of the gravitational and scalar fields.
C. The model with a negative cosmological term
In this section we consider a more complicated and rich cosmological model, which in the Einstein frame appears as a model with a massless scalar field and a negative cosmological term, i.e., a model with the potential
From Eq. (26), we obtaiṅ
therefore,H
Let us consider a solution witht 1 = 0. This Hubble parameter describes an evolution of the flat Friedmann Universe, which begins at the Big Bang singularity at the instantt = 0, arrives at the point of maximal expansion att = π 2 2U 1 / 3Λ , and then contracts until the encounter with the Big Crunch singularity at t = π 2U 1 / 3Λ . Let us note that this evolution does not depend on the evolution of the scalar field φ. On now substituting the function (64) into the Klein-Gordon equation (25) we finḋ
On substituting this expression into the first Friedmann equation (23) we obtain
Finally, on integrating (65) and taking into account (66) we obtain
where φ 0 is an integration constant. The conformal transformation combined with the reparametrization of the scalar field, described in Section II, gives the model with the action (1), where the function U corresponds to the conformal coupling (17) and the potential is given by (27) 
Let us note that models with non-minimally coupled scalar fields and potentials that are not positive definite are actively studied [24, 37, 46] , in particular, to obtain bounce solutions. Let us now consider the evolution of the Universe in the Einstein frame from the Big Bang to the Big Crunch (64) and the corresponding evolution in the Jordan frame. Choosing the "plus" sign in the expression (67) for definiteness, we get that the scalar field φ changes from −∞ to +∞ on the interval 0 <t < π 2U 1 / 3Λ , and hence, due to formula (21), the field σ runs from − √ 12U 0 to + √ 12U 0 . Let us calculate the Hubble parameter in the Jordan frame at the point U c = 0. To do this, we use (16) 
On using the explicit dependence of the field φ on the cosmic timet, we obtain
Further
On now substituting formulae (64), (70) and (71) into Eq. (16), and taking the limitt → 0 + , we obtain
Thus, in the Jordan frame, at this point, the evolution is regular, and the Universe is finite and is still expanding. Using this fact we can describe the crossing of the singularity in the Einstein frame. However, in contrast with the model described in the preceding subsection, it is difficult to find an explicit relation between the cosmic times in the Einstein and Jordan frames, and we use an asymptotic analysis of the behaviour of the Universe in the vicinity of singularities.
As we have already said, the singularity of the function σ corresponds to singularity of the function U c , i.e., to the singularity in the Jordan frame. The crossing of this singularity can be analysed using the smooth behaviour of solutions in the Einstein frame by the method suggested in the previous subsection. On the other hand when we have the singularity in the Einstein frame, the scalar field φ tends to infinity, and in the Jordan frame, U c = 0. We describe in some detail the crossing of this singularity by using the regularity of the evolution in the Jordan frame. The crossing of the singularity in the Jordan frame can be described analogously.
We have already written down the relation (40) , which connects the values of the scalar field σ, its time derivativeσ, and the Hubble variable in the Jordan frame at the moment t = 0, when U c disappears. If we choose σ = σ 0 = − √ 12U 0 andσ(0) = σ 1 > 0, then the Hubble parameter in the Jordan frame is positive and the field σ enters into the region where U c > 0 from the region where U c < 0. Correspondingly, the Universe in the Einstein frame crosses the Big Bang singularity making the transition from the antigravity regime to the gravity regime.
Thus, in the vicinity of t = 0 the field σ behaves as
where the value of σ 1 can be found from Eqs. (40) and (72):
Obviously, for t < 0, the expression for U becomes negative, and hence, in the Einstein frame we should substitute gravity by antigravity and the standard scalar field by the phantom. The evolution in the Einstein frame is described by the formulã
where the time parametert runs from −∞ to 0 and one has a contraction which culminates in the encounter with the Big Crunch singularity. The phantom field behaves as
If we choose the sign "plus" in the formula above, then the correct relation between the field σ in the Jordan frame and the phantom χ is given by σ = 12U 0 coth χ
We now wish to understand what happens with the Universe in the Jordan frame at −∞ <t < 0. As we have already mentioned, at the instantt = 0, the Universe in the Jordan frame is expanding. Thus, there are three possible evolutions before this instant. One can have an infinite expansion before an initial instant (just like the case of a flat de Sitter Universe, expanding according to the law a(t) ∼ exp(H 0 t)). One can have an expansion beginning from the Big Bang type singularity, or one can have in its past a bounce, which was preceded by a contraction. Let us try to analyze which of these scenarios can be realized and at which conditions. We again use the formula (16) . First of all, let us write down the analogue of the formula (71) for the evolution att < 0:
Combining the formulae (78), (75), and (16) and taking the limitt → 0 − , we find
Naturally, the right-hand sides of the formulae (72) and (79) should coincide, and hence,
We are now in a position to analyse the past evolution of the Universe in the Jordan frame. First of all, let us note that the opportunity of having a singularity of the Big Bang type for some value oft < 0 is conditioned by the vanishing of the function sinh
it is possible if and only if χ 0 is positive. What happens when χ 0 is negative? To answer this question, we can try to find the limit H(t) fort → −∞, again by using the formulae (78), (75) and (16):
Thus, we see that att → −∞ the Universe had a contraction with a finite negative value of the Hubble parameter, then, at some moment, it had a bounce, the Hubble parameter changed sign and the expansion began. If
then, as we have already mentioned, the Universe had a Big Bang singularity in the Jordan frame, while in the Einstein frame at this instant, it was contracting in a non-singular way. Using this fact, we describe the transition from the contraction to the expansion or the passage through the Big Crunch-Big Bang singularity by using the regularity of the evolution in the Einstein frame, just as was done in the preceding section for a simpler model with a vanishing potential.
IV. MODELS WITH THE HYPERBOLIC POTENTIALS AND THEIR JORDAN FRAME COUNTERPARTS
As we have already mentioned in the Introduction, in paper [24] a model was considered with a conformal coupling, which in our notation is given by formula (17) , while the potential can be written as
In this case the Friedmann equation governing the cosmological evolution is astonishingly simple
where the constant A is connected with the scalar field σ by
and η is the conformal time parameter. If the coupling constant V 1 of the quartic self-interaction of the field σ is negative, then one can choose the initial conditions for this field in such a way that the integration constant A is also negative and in this case the cosmological evolution has a bounce at
This cosmological evolution is quite regular. At the same time, to the same cosmological evolution, totally characterised by the choice of the parameter A, correspond different evolutions for the scalar field σ. This family of trajectories can be parameterised, for example, by the value of the time derivative of the scalar field at the moment when the Universe undergoes the bounce. During some of these evolutions, the field σ takes values which imply a change of sign of U . This means that the effective Newton constant changes sign. Such situations were treated in [24] as non-physical, and the conditions which allow one to exclude such evolutions were determined. In paper [23] it was noticed that on making conformal transformations of the metric and the corresponding reparametrisation of the scalar field (such as that described in Section II) one arrives to a cosmological model with a minimally coupled scalar field with the potential
(87) As we have already mentioned, this model was studied in detail in papers [25] - [31] . In paper [23] the correspondence between the potentials (83) and (87) was used to render the analysis of the cosmological evolutions in the model with the conformally coupled scalar field more transparent. The evolutions for which the effective Newton constant changes sign were also treated in [23] , where they were still considered as unphysical and unrealistic. The relations between the minimally coupled models of the type (87) and the conformally coupled model with the potential (83) and their place in the general classification of exactly solvable cosmological models [18] was discussed in our preceding paper [37] .
In the series of papers [25] - [31] the dynamics of the model was considered in detail and the question of the crossing of singularities and of the possible evolution in the antigravity regime was analysed by using a special representation of the theory. Namely, instead of one scalar field the authors introduce two scalar fields, say, Φ and Ψ with their kinetic terms, which have opposite signs and with a conformal coupling to the curvature. Naturally, the terms describing this conformal couplings of the fields also have the opposite signs. On choosing the potential term in the form Φ 4 f (Φ/Ψ), where f is an arbitrary function, the Weyl invariance of the theory is guaranteed.
One can then represent these two scalar fields in a "hyperbolic form":
On using the Weyl invariance of the theory, one can fix the value of r. In this case the theory transforms into one with minimally coupled scalar field φ and with the standard Hilbert-Einstein term. On choosing in a special way the function f , one obtains the potential (87). However, one is not obliged to use the parametrization (88). On using Weyl invariance, one can consider an evolution of the geometric characteristics of the Universe and of the scalar fields Φ and Ψ such that the Universe passes through the Big Bang -Big Crunch singularity and simultaneously gravity is substituted by antigravity (i.e., one has Φ 2 − Ψ 2 < 0) or vice versa. Formally, this transition to the antigravity regime resembles the crossing of the horizon of the Schwarzschild black hole in Kruskal coordinates [50] .
In Section III of the present paper, we have shown how a similar procedure can be pursued by using the transitions between the Einstein and Jordan frames. Considering simpler models, we have shown that the passing through the singularity in the Einstein frame accompanied by the transition from the gravity to the antigravity regime can, in a nonambiguous way, be described by using the transition to the Jordan frame, where the corresponding scalar field is coupled conformally to gravity. Moreover, the procedure is also valid when it is applied in the opposite direction: We can describe the passage through the singularity in the Jordan frame by using the transition to the Einstein frame.
Since cosmological evolution in the models with the hyperbolic potentials and in their Jordan frame counterparts has been studied extensively in the papers cited above and we have illustrated our method by the examples of simpler models, here we limit ourselves to one short comment. One can always find which evolution in the Einstein frame corresponds to a given evolution in the Jordan frame and vice versa. For example, if one were to have in the Jordan frame the evolution with a bounce, such that the scalar field |σ| < √ 12U 0 , i.e., there is no change of the sign of the effective Newton constant, this would mean that the behaviour of the scalar field φ in the model with the minimally coupled scalar field and hyperbolic potential is nonsingular, and hence, the behavior of the geometric characteristics of the Universe would be nonsingular. However, as was shown in [24] such a behaviour does not exist, and the effective Newton constant in the Jordan frame necessarily changes sign before or after the bounce (or does it twice). This fact can be easily explained by using the comparison with the dynamics of the corresponding model in the Einstein frame as was done in paper [23] . Indeed, in a flat Friedmann Universe filled with a minimally coupled scalar field, the time derivative of the Hubble parameter is always negative. Taking into account the explicit form of the potential (87), one can conclude that this last fact is not compatible with the absence of the Big Bang or the Big Crunch or both the singularities.
V. CONCLUSION: COMPARISON BETWEEN THE DIFFERENT APPROACHES TO THE POSSIBILITY OF CROSSING THE SINGULARITY
The problem of the existence of the cosmological singularity at the beginning of cosmological evolution has attracted the attention of people studying general relativity, for a long time [51] . In papers [52] the impossibility was shown of the indefinite continuation of geodesics under certain conditions. This was interpreted as pointing to the existence of a singularity in the general solution of the Einstein equations. The analytical behaviour of the general solutions to the Einstein equations in the neighbourhood of a singularity was investigated in papers [53] . These papers revealed the enigmatic phenomenon of an oscillatory approach to the singularity which has also become known as the Mixmaster Universe [54] . The model of a closed homogeneous, but anisotropic, Universe with three degrees of freedom (Bianchi IX cosmological model) was used to demonstrate that the Universe approaches the singularity in such a way that its contraction along two axes is accompanied by an expansion with respect to the third axis, and the axes change their roles according to a rather complicated law which reveals a chaotic behaviour [53, 55] .
Another type of cosmological singularity, arising at finite value of the cosmological scale factor, was considered in [56] . Recently, the so called "soft" singularities arising for small values of the scale factor were extensively studied [32] and the situations for which such singularities can be crossed were found [33, 34] . At the same time the idea that the Big Bang -Big Crunch singularity can be crossed appeared very counterintuitive. Nonetheless, as we frequently mentioned in the present paper, the procedure for the crossing of the Big Bang -Big Crunch singularity, based on the use of Weyl symmetry, was elaborated [25] - [31] . Using a Weyl-invariant theory, where two conformally coupled with gravity scalar fields were presented, the authors have obtained the geodesic completeness of the corresponding space time. The consequence of this geodesic completeness is the crossing of the Big Bang singularity and the emergence of antigravity regions on using the Einstein frame. In particular, in papers [27, 29, 31 ] the crossing of anisotropic singularities was considered. The authors used the general expressions for Bianchi-I, Bianchi-VIII and Bianchi-IX Universes. In the vicinity of the singularity all these Universes have Kasner-like behavior. It allows one to write down explicitly the solutions for a Universe crossing such a singularity on using some finite Weyl-invariant quantities. The explicit set of geodesics for the crossing singularity massive and massless particles was constructed as well.
The use of Weyl symmetry to describe the passage through the Big Crunch -Big Bang singularity accompanied by a change of sign for the effective Newton's constant has led to some discussion. In [35] it was noticed that for such a passage through the singularity some curvature invariants become infinite. In paper [31] a counterargument was put forward. If one has enough conditions in order to match the nonsingular quantities before and after crossing the singularities, then the singularities can be traversed. In the present paper, inspired by the idea of the crossing of singularities, developed in the papers cited above, and by the correspondence between the simple conformally coupled scalar field model with bounce [24] and the models with hyperbolic potentials [23, 37] , we propose a slightly different version of the description of the crossing of singularities. It is based on the transitions between the Jordan and Einstein frames, and here we have applied it to simpler models than those discussed previously. As we have already emphasized in the Introduction, we only considered an isotropic cosmological singularity present in a flat Friedmann Universe.
This research direction seems promising, and some new papers concerning this topic have appeared. In paper [38] the crossing of the Schwarzschild singularity was considered by using a technique quite similar to that used in the analysis of the cosmological singularities. In paper [39] some physical problems connected with the existence of an antigravity regime are analyzed, and the possibility of the indirect observation of such a phenomenon are discussed. Indeed, it was emphasized that on using Weyl invariance one can get a geodesically complete theory. The price of this geodesic completeness is the appearance of antigravity regions of spacetime connected with gravity regions through gravitational singularities such as those that occur in black holes and cosmological bang/crunch. Antigravity regions lead to several questions regarding the physical interpretation. In [39] it was shown that unitarity is not violated, but there may be an instability associated with negative kinetic energies in the antigravity regions. However, this problem can be resolved with an interpretation of the theory from the perspective of observers living strictly in the gravity region. Such observers cannot experience the negative kinetic energy in antigravity directly but can only detect in and out signals that interact with the antigravity region. At this point, it is necessary to stress that the appeal to quantum cosmology in paper [39] was aimed not to cure the drawbacks of the classical theory but to show that even in quantum theory the problem associated with the presence of a scalar field with the wrong sign for the kinetic term, which is equivalent to the emergence of the antigravity regions, is not dangerous. Indeed, the Wheeler-DeWitt equation [57] for the minisuperspace model, including two scalar fields, was considered, and it was shown that the corresponding wave function of the Universe can be represented as a wave function of two harmonic oscillators with different signs for the spectra. The model of the relativistic harmonic oscillator, which is equivalent to two oscillators with different signs for the spectra, was considered in [58] , where it was shown that the normalized wave function for such a system does exist. The fact that the spectrum of such an oscillator (or a Universe with two scalar fields and Weyl symmetry) is not bounded from below is also not dangerous if one considers observers living in the gravity region. Let us add another comment. It was also noticed in [39] that the Weyl-invariant string theory, revealing geodesic completeness, can be constructed in a quite analogous way. This treatment of the string theory is not stimulated by the fact that in the standard gravity theory one cannot resolve some problems and, hence, should consider the string theory. Vice versa, due to the similar structure of these two theories, the results, obtained for the Weyl generalization of standard gravity, can be easily extended to the case of the string theory.
The quantum cosmological aspects of crossing singularities were considered in paper [59] . The relations between different types of singularities arising in the Einstein and Jordan frames were studied in the paper [60] .
A somewhat different approach to the problem of a cosmological singularity was developed in a series of papers [40] - [44] . There the author considers the so called variable gravity together with the transitions between different frames and the reparametrization of the scalar field. In particular, he introduces a so-called freeze frame where the Universe is very cold and slowly evolving. In the freeze picture the masses of elementary particles and the gravitational constant decrease with cosmic time, while Newtonian attraction remains unchanged. The cosmological solution can be extrapolated to the infinite past in physical time -the Universe has no beginning. In the equivalent, but singular Einstein frame cosmic history finds the familiar big bang description. Generally, the papers [40] - [44] give the impression that there is no physical singularity in Nature, but only a singularity in the choice of field coordinates. Let us note that in this scheme there is only one scalar field (just as in our present paper), but the Hilbert-Einstein term in the action is absent and the coupling coefficient between the scalar field squared and the scalar curvature is such as to provide the positive sign of the effective Newtonian constant. The moment of time which corresponds to the Big Bang in the Einstein frame (in other words "in the Big Bang picture"), in the freeze frame also corresponds to the beginning of the cosmological evolution, but the geometry of the spacetime is not singular: it is the field parametrisation, which is singular. According to the definition of the author, the cosmology is non-singular, if there is a frame, where the geometry is non-singular. Thus, there is an analogy between the horizon which arises due to a certain choice of the spacetime coordinates: the singularity arises because of some choice of the field parametrisation. Further, the evolution occupies an infinite physical time. It is stressed that the physical time does not necessarily coincide with the proper (cosmic) time. Instead, the author of [40] - [44] defines the physical time by counting the number of zeros of a component of the wave function. Let us note that the idea that the cosmic time is not always the best parameter for the description of physical reality also arises in the context of the oscillatory approach to the cosmological singularity [53] . Indeed, in this situation it is better to use the logarithmic time, which is more adapt for the description of an infinite amount of Kasner epochs and eras (see, e.g., [61] and the references therein). The opportunity of the crossing of singularities in the Big Bang picture is not excluded in the approach [40] - [44] , but it does not arise for the concrete form of the models considered.
On summing up, we can say that our approach is less radical. We only state that by using the field reparametrization one can describe in a unique and reasonable way a possible singularity crossing. Here, it makes sense to dwell on the question of the physical equivalence between different frame choices. Generally, one can say (see e.g. [17] ) that even if some classical phenomena look different in Einstein and Jordan frames, the relations between different observables should be the same. Moreover, one can state that the choice between the Einstein and the Jordan frame is somewhat similar to the choice of the frame of reference in the Newtonian mechanics. A coherent description of the laws of physics can be given in every frame of reference. Nonetheless, a natural choice of such a frame of reference exists and is connected with each concrete physical problem. For example, a person on merry-go round naturally describes physical phenomena around him by taking into account inertial forces such as the centrifugal and Coriolis. For this person, the non-inertial rotating frame is the natural physical frame to be used. Analogously, in cosmology for a comoving observer the natural frame is that associated with his cosmic time (when this is an adequate candidate for the role of the physical time, which is not always a case, as was explained in the preceding paragraph). Thus, since the transition between the Einstein and the Jordan frames implies the change of the cosmic time, the observed cosmological evolutions in these frames are different.
Let us once again look at the analogy between the appearance of horizons as the result of a certain choice of the spacetime coordinates and the appearance of the singularity as the result of a choice of the fields parametrization. Even if the appearance of the horizon in the Schwarzschild metric is a result of a standard choice of the coordinates, its consequences for a distant observer are quite real: he cannot get the signals, coming from the region which stays behind the horizon. The introduction of Kruskal coordinates [50] , which makes the spacetime manifold geodesic complete does not eliminate this effect of the horizon. However, the Kruskal coordinates tell us what happens behind the horizon, in the region which is unaccessible for us. Thus, from our point of view for certain observers, the singularity indeed exist and the transition to the frame where it does not exist, allows us to describe in a unique way the passage through the singularity. At this point, we can say that in the passage through a singularity of the Big Bang -Big Crunch type all the extended objects are destroyed, in spite of the fact that in another frame, the value of the scale factor is finite.
It is important to note that the possibility of a change of sign of the effective gravitational constant in the model with the scalar field conformally coupled with the scalar curvature was studied in paper [62] , where the earlier suggestion, made in paper [63] was analyzed in some detail. In paper [62] it was pointed out that in a homogeneous and isotropic Universe, one can indeed cross the point where the effective gravitational constant changes sign. However, the presence of anisotropies or inhomogeneities changes the situation drastically, because when the value of the effective gravitational constant tends to zero, these anisotropies and inhomogeneities grow indefinitely. It seems to us that this phenomenon can be easily understood in the framework developed in the present paper. Let us consider, for example, the Bianchi-I Universe in the presence of the minimally coupled scalar field. In the vicinity of the singularity the metric contains isotropic and anisotropic parts. On making the conformal transformation to the Jordan frame, combined with the reparametrization of the scalar field, we obtain the model with a conformally coupled scalar field. As was explained in detail above, such a transformation leads us to the situation wherein the function U c tends to zero in the Jordan frame, while the homogeneous part of the metric, described by the scale factor evolves quite regularly in this frame. However, this conformal transformation acts only on the isotropic part of the metric, leaving intact the anisotropic factors, which are the same in the Jordan and in the Einstein frames, and hence, are singular also in the Jordan frame. Thus, the mechanism which we have used to describe the crossing of the singularity in one frame, by using the conformal transformation to another frame in the Friedmann Universes, should be modified if we wish to consider the anisotropic or inhomogeneous models. Let us mention once again that in papers [27, 29, 31 ] the problem of passing through an anisotropic singularity was solved in the framework of the Weyl-invariant gravity theory with two scalar fields. The question of possibility of the description of the crossing of such a singularity in our approach requires further investigation [64] .
In paper [65] the inhomogeneous cosmologies in the models [25] - [31] were studied, and it was argued that a consistent treatment of cosmological perturbations in the presence of the transition between gravity and antigravity regimes is possible. The relations between the cosmological perturbations in the Einstein and Jordan frames were studied in paper [66] . The inhomogeneous cosmological models in the presence of a non-minimally coupled scalar field were studied in [67] . There it was stressed that while the homogeneous and isotropic cosmology appears surprisingly sensible when the effective Planck mass vanishes, the small inhomogeneities provoke catastrophical consequences. In paper [65] the authors stated that there is an essential difference between the model with two scalar fields [25] - [31] and a model with one non-minimally coupled scalar field, because in the former one can avoid the appearance of the singularities which arise in the latter and which were studied in [62] and [67] and in some other works [68] . However, we think that effectively one of the scalar degrees of freedom is used to fix a gauge choice and in this sense the description in terms of two fields, used in [25] - [31] and [65] is very close to the description in terms of one scalar field. Indeed, in the description of the inhomogeneities on the Friedman-Robertson-Walker background the authors reduce the scalar perturbations to one function. Thus, we hope to develop the mechanism of the continuation of the scalar perturbations through the singularity for our models too [64] .
Let us emphasize that the continuation through the singularity is possible when we can make a unequivocal matching between the geometries on the different sides of the singularity. In the case of Bianchi Universes the parts of the metric, describing anisotropies can be characterized by some finite constants, in spite of the fact that the corresponding curvature invariants diverge when the spatial volume of the Universe tends to zero. The existence of such constants allows the description of the continuation of the geometry through the singularity. The treatment of inhomogeneities is more complicated but, again, is not hopeless. We hope to study these topics in the forthcoming work [64] .
To conclude, we wish to say that in all three approaches (two-scalar-field approach [25] - [31] , variable gravity approach [40] - [44] and the Jordan-Einstein frames transformation approach proposed in the present paper) for the description of the passage through the Big BangBig Crunch type singularities, Weyl symmetry was used. In papers [25] - [31] two scalar fields conformally coupled with gravity were introduced and, by fixing the gauge in different ways, the authors showed how it is possible to describe singularity crossing. Here, in order to reach the same goal, we have used the transformations between the Jordan and Einstein frames and in the Jordan frame the coupling was the conformal one. We have used a conformal coupling because in this case the relations between the parametrizations of the scalar field in the Jordan and in the Einstein frame have a simple explicit form. It is not clear to us if it is a purely technical expedient or there is something deep behind this introduction of Weyl symmetry. One can ask another question: Is it possible to find a method which describes singularity crossing in cosmological models wherein a scalar field is absent, for example in models of Universes filled with fluids? Further, the very presence of matter different from a scalar field can change the regime of crossing the singularity; such effects were studied for the case of sudden future singularities [34] . In this case there is no general recipe and one has to explore the situation case by case. Lastly, we wish to cite the paper [69] , where the Weyl-anomaly quantum correction to the Friedmann equations was taken into account, thus transforming the Big Bang -Big Crunch singularity in a soft traversable future singularity. This confirms that the study of cosmological singularities at the level of homogeneous and isotropic Universes is a topic of active interest. We believe that all these questions deserve further study, even if at a first glance they may appear a bit exotic.
